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Constants and Variables

For easy reference, the signi cance of important variableand constants appears

here. The mass of each vertex, the force constant for eachisgy and the equilibrium

length of each spring is set to 1 for all of the systems considd. Whenever possible,

the notation used here is preserved in th&¥athematica code which appears in the

appendix.

Notation used in both methods

m

!
k !
d !
N I

mass of each vertex 1

force constant of each sprindg 1
equilibrium length of each spring! 1
the number of vertices in the system

Notation used in the analytic method

R

the set of vectors which designate the equilibrium con guttéon of a system
each entry takes the formR; = (Xi;Vi; z)

where i counts from O toN 1

the set of vectors which designate the displaced position each vertex
each entry takes the formr; = (qaiy; Qai+1) ; Qai+2) )

where i counts from O toN 1

the potential energy of the system as a function aof.

. - @V
the Hessian matrix: oo ,

the normal frequency corresponding to the
square root of ther™" eigenvalue oH
the matching eigenvector oH




Notation used in the computational method

integration time step

target integration time

the number of steps made in the integrationr( = %)

the set of vectors which designate the position of each vexte
each entry takes the formr; = (X;i;Vi; z)

the set of velocity vectors for each vertex

each entry takes the formv; = ( vy ; Wi; Vzi))

A clari cation:

The combination of analytic and computational approaches akes the notation

tricky. Rather than introducing another variable, we letr assume two di erent

roles, one for each method. Because the two methods are naéted concurrently,

the inconvenience caused by this overloading should be nmral.



Abstract

Normal modes in a triangle, tetrahedron, cube, and a massfspy model of
the clathrin cage are analyzed using two complementary appaches: classical La-
grangian mechanics and a fourth-order Runge-Kutta integtemn method. The two
approaches yield identical results in the small oscillatroregime and di er when non-
linearities are introduced by larger amplitude oscillatio. The cube and the clathrin
cage exhibit semi-rigid behavior, and an index for charaaieing their exibility is
introduced by considering the number of zero-frequency mesl which correspond
with deformations rather than simply translation and rotation. A frequency spec-
trum of the clathrin cage is obtained but the numerical solubn suggests the results

may be problematic.
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Chapter 1

Introduction

Thanks to the ever increasing power and availability of peasmal computers, com-
putational physics has become a common tool used to exploteetbehavior of com-
plex systems. One advantage of this approach is that it allawvthe experimenter
to control the physical forces involved, the initial conditons, and details of the
system's dynamics without the restrictions often imposedyban analogous mathe-
matical treatment. When combined with e ective visualizaion and data analysis
techniques, numerical simulations provide insight into mblems which cannot be
easily considered algebraically. Equally important, hower, is the computational
method's ability to explore the limits of a known algebraic slution. One class of
problems for which algebraic and numerical solutions can Heund and compared
are those involving coupled oscillations.

The classical treatment of coupled oscillators was introded by Bernoulli in
1753, and was later re ned by Lagrange in the 1760's. Altholgit is robust and
thoroughly studied, this approach is only applicable to ver small vibrations. A
parallel treatment of these systems using computational rtteods avoids such a
restriction, and is therefore useful in assessing the clasg solutions.

In order to appreciate why coupled oscillations can be comfaionally favorable,
consider the problem oN bodies in uencing each other via gravity. Computing the
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net force on each body requireBl 1 calculations, so computing the net force on
all bodies requires I 1)? calculations. A simulation of 1000 bodies will require
1P calculations for each time step. After the net force for eachody is known, a
variety of integration methods exist that increment the time forward with varying
degrees of precision. For a typical time step of .01 secondsten second study of
the system requires 10calculations.

Now consider the example o atoms in a crystal lattice, where we approximate
the quantum mechanical forces between neighboring atoms asharmonic springs.
Computing the net force on one atom requires 6 calculationebause it is only af-
fected by its nearest-neighbors. Computing the net force aal the atoms requires
6N calculations. For the same time step of .01 seconds, a ten@ed study requires
only 6 1CP calculations. The systems analyzed in the following chapteare compu-
tationally managable because of the same nearest-neighisonpli cation. The most
complicated one requires about 10 minutes of computationntie per simulation.

Con dent that the mathematical and computational tools exst to thoroughly
analyze vibrational problems, this thesis examines one $usystem, the clathrin
cage. This complex protein provides a mechanism for reledseeurotransmitters
to be collected back within the neuron for future use. Resedrers have been able
to isolate many of the key steps in the process, but there reinaseveral mysteries.
Understanding the protein's vibrational characteristicsmay provide useful insight
into some of these details. Although biologically complexhe structure also engages
our interest from a geometric, and consequently mathemast perspective. When
considered as a system of point masses connected by spririggjrns out that the
clathrin cage exhibits semi-rigid characteristics. The naming of this will become
clear in later chapters, and it conveniently turns out that hese semi-rigid systems

are ideal for the combined analytic/computational approae proposed.



Chapter 2
The Clathrin Cage

Clathrin is crucial for the transmission of materials into ad out of cells throughout
the body. From concentrating nutrients in the human placerd to the release of neu-
rotransmitters in the brain, this protein is indispensable Its role in material uptake
(receptor-mediated-endocytos)shas only been fully grasped in the last decade, and
several details of this complex process are still unknown. W&t follows is a summary
of these steps, a description of why the process interests aad a brief discussion of

how vibration analysis may provide insight into one of the kast understood steps.

2.1 The clathrin triskelion and endocytosis

To illustrate the steps involved in receptor-mediated-enakcytosis, consider the part
of the brain that is responsible for motor functions, the siatum (basal ganglid
Axons protruding from nerves in another region, thesubstantia nigra extend into
the striatum and release the neurotransmitter dopamine wimetriggered by an action
potential. Although dopamine is actually produced in the bdy of the neurons in the
substantia nigra, they are carried to the nerve terminal by aomplex inter-cellular
molecular transport system composed of vesicles. During monine release, these

vesicles fuse with the cell membrane and disgorge their cents of neurotransmitters

3
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Figure 2.1: The clathrin triskelion, shown here, has a diameter of appro X-
imately 500 A [1].

into the synapse. Dendrites from neurons on the other side thfe synapse respond
to the increase in dopamine concentration by ring a new aabin potential, which
travels to the next neuron in the chain. Clathrin comes into [ay during the next

step of the process, nuerotransmitter reuptake.

Reuptake describes the process of recycling neurotransieis. That is, after its
release, dopamine is sequestered back into vesicles in tikeraof the neuron that
released it. In a healthy subject as much as 90 percent of thaerotransmitters are
reused. When dopamine is released, the vesicle actuallydsisvith the membrane
and is absorbed into it. As a result, reuptake requires the fermation of these
vesicles from the cell's outer membrane. This is preciseljathrin's role. Attached
to the inside of the cell membrane, clathrin protein assembk consist of a pinwheel
skeleton structure with three extended arms, driskelion (See Figure 2.1). These
triskelions are composed of one heavy chain and one light enaightly linked to
each other. The arms also have a certain degree of exibilitfue to a joint which
separates it into two pieces. The rst piece is about 17@, the second piece is
220A in length [2]. Large numbers of clathrin proteins assemblendhe inner cell

membrane and their triskelion arms overlap to form polygordattices known as
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(b)

Figure 2.2: (a) Electron micrograph of a clathrin-coated pit ([9], p735 ).
(b) Diagram showing the interlocking triskelion structure of the pit [2].

clathrin-coated pits (See Figure 2.2).

These lattices vary in composition and curvature since theriskelions readily
bind in patterns that exhibit pentagonal, hexagonal, and a &ptagonal symmetry.
In describing the subsequent steps in reuptake, we follonnJand Nossal's proposal
that, \...triskelion energetics and interactions, in uenced by the physiological en-
vironment, cause coated pits to invaginate and to bud o neathe center of at
hexagonal lattices ([2] p1526)." This process begins whensaall section of the
lattice (on the order of ten polygonal faces) extends into i cell membrane as new
triskelions are introduced. Because of their rigid geomsftrthe additional triske-

lions force the membrane to curve inward. Eventually, a \bud is formed (See
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Figure 2.3). Note that this bud can grow into a variety of di erent sizes and shapes
depending on environmental conditions. One of the most conum shapes, known
as thehexagonal barrelhas been studied extensively. Smith et al used cryo-elemtr
microscopy to generate a model of this structure with 2A resolution (See Figure
2.4). Throughout this process specic proteins, (dopaminé our case), bind to
assembly particleswvhich in turn bind to points on the clathrin lattice. Thus, only
the proteins selected by these assembly particles will benoentrated within the

recently formed clathrin bud.

Next, the clathrin bud must \pinch" o from the cell membrane. This is the
least well understood step in the process. It is known thatynamin, a 900-amino-
acid protein, and GTP (guanosine 5-triphosphateare required for the successful
separation of the vesicle [9] (See Figure 2.5). However, teact mechanism involved
remains unknown. Once the clathrin bud has separated from ¢hlattice (becoming
the so called \clathrin cage"), it depolymerizes via anotheprotein interaction into
triskelions, which can be reused in the formation of other se&les. Meanwhile the
newly formed, dopamine lled vesicle is ready to release iteeurotransmitters again

with the next action potential.

2.2 The relevance of dopamine reuptake

For an example which demonstrates why the details of vesiaulformation are sought
after, consider Parkinson's disease. This neurodegenevatdisease is characterized
by dramatically decreased dopamine in the striatum. Althogh it is known that the
number of neurons in the substantia nigra decrease as the ehse progresses, and
that this reduction in dopamine producing neurons in uence dopamine concentra-
tion in the striatum, it is widely thought that the disease ismore complicated. For

instance, treatments exist which can arti cally increaselie quantity of dopamine in
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Figure 2.3: Diagram of steps involved in the formation of a free vesicle
with hexagonal barrel coat symmetry [2].
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Figure 2.4: Stereo image representation of the clathrin cage. Obtained by
cryo-electron microscopy and single-particle reconstruc tion [1].

Figure 2.5: Electron micrograph of a clathrin-coated pit in the absence of
GTP hydrolysis. Without GTP, the pit can form but cannot pinc ho.

([9] p737).



2.3. CLATHRIN CAGE VIBRATION 9

the striatum. However, experience shows that these treatmis are associated with
a tolerance which increases with disease progression. Huefly the drug relieves
Parkinsonian symptoms only at the peak of its concentratiomn the brain. This

suggests that in addition to the slow death of substantia nig cells, the brain's
ability to e ciently recycle the remaining dopamine that it has (whether produced
naturally or arti cally) decreases with the progression othe disease. This drop in

reuptake is indicative of a problem with vesicular formatin.

2.3 Clathrin cage vibration

As mentioned earlier, clathrin bud separation requires GTPThis molecule, like its
more powerful analog ATP, provides energy for various biajical processes. With
this functionality in mind, suppose the GTP energizes a vilational mode of the
clathrin cage such that its amplitude of oscillation steady increases. The work that
follows demonstrates the possibility that one such mode winlinvolve the uniform

expansion and contraction of all the vertices, a so-calleddathing mode. Using
this mode as an example, the increased amplitude of oscilat would eventually
cause a su cient contraction of the vertices to pinch the budo from the remainder

of the clathrin lattice. If the normal modes of clathrin can ke identi ed, then

their frequencies could be searched for experimentally Wiappropriate spectroscopy

techniques.



10
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Chapter 3

Analytic Approach to Coupled
Oscillations

3.1 Introduction

The mathematics behind coupled oscillations unfolds in a soise and clear way
when the interaction between particles is harmonic. In thisase there exishormal
modesof oscillation between which there is no coupling. This is teay that given
appropriate initial conditions, each patrticle in the systen will oscillate at a single
frequency without exciting any other frequencies of osallion. This fundamental
guality of harmonic motion allows the use of linear algebraotgreatly simplify the

treatment of many-bodied systems.

The geometric shapes that will be considered in the followgnchapters are cou-
pled in a complex way. Consider the triangle: if two points & connected by a
spring, the force is determined by Hooke's law and therefothe distance between
the two points. For systems which exist in multiple dimensios, the distance is
found using the Pythagorean theorem. This means that wigglg some vertex in the
x direction, for example, induces a force along the axis of ttspring which depends
on the square root of both thex and y coordinates. As much as we would like it to
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be, this force is not linear.

However, If one chooses to consider only very small displatents from the
system's equilibrium position, nonlinear components of # force can be ignored.
We approximate the true spring force with a Taylor expansiorand ignore higher
order terms in the result, thus limiting the problem to small harmonic vibrations.
In this regime a variety of elegant linear algebra tools arevailable. The following

section formulates this approach from the perspective of geangian mechanics

3.2 The general approach

Begin by describing our system o particles (for a total of 3N degrees of freedom)
by a set of generalized coordinategc wherek = 0;1;:::;N 1. Consider the
equilibrium con guration where all the springs are relaxedt their rest length and

each particle is in its equilibrium position de ned asko. Then because the particles

are stationary, we have

& = Gko; & =0; & =0

We make the following claim regarding Lagrange's equatiord motion at equi-
librium:
@L d@L _ O@L
@, d@, @M,
The time derivative of %% will always include g, or & at equilibrium (denoted by
the subscript 0) so it drops out of the formula. From the de niion of the Lagrangian,

L=T V, we have
@L _ @1 @V _
@, @@, @4,

IDerivation taken from Marion et al (See [10] p466-471). Goldtein (See [12] p243-246) and
Wilson et al (See [11] p11-33) provide alternative derivatdns.

(3.1)
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The coordinate transformations that relate the cartesian@ordinates to the gen-
eralized coordinates are assumed to be time independent,igrhallows us to invoke
a de nition of kinetic energy that depends only on the veloties of the generalized

coordinates.

1 X
T= > Mik 9 G (3.2)
ik
So
QT _
@4,
and from 3.1
% =0 (3.3)
0

This result simpli es the following series expansion. It ilso useful to let the
generalized coordinatesy be measured from the equilibrium position by setting
Gko = 0. Next we Taylor expand the potential energy about this equibrium position.
X @v 1% @v

— G+ = ——— G+ (3.4)
k=1 @a, 2 ik @jc@ﬂo

From 3.3 we see that the second term vanishes, and we're freechooseV, =

V=V0+

0. Ignoring higher order terms in the expansion isolates thiearmonic vibrations.

Therefore,
1 xn
V = é ij g G (3.5)
ik
where we have introduced theédessian matrix de ned as
@V
H = (3.6)
KT eu@e,

De ning our system in cartesian coordinates immediately digonalizes the matrix

M in the kinetic energy,

1 1
T= > Mik g G = > M, q?
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which is simply the sum of the kinetic energy associated witbach particle.
BecauseT is a function of the velocities only andv is a function of the coordi-

nates only, we can write the Lagrangian as

et deL_,, v deTt_,

@g dt @ @g dt @
From 3.2 and 3.5 we compute the derivatives:

@v_~X @T_X

@a_ Hikq e Mikq.

j j
So the equations of motion are

X
(Akg + Mjkg)=0 (3.7)

j
This is a set ofn second-order linear homogenous di erential equations wiconstant

coe cients. We assume the solution for simple harmonic odltion:

g(t)= et )

Substituting this into the equations of motion yields

X
(Hx !*Mp)a =0 (3.8)

J
This reduces the second-order linear di erential equatiandown to linear algebraic

equations. Non-trivial solutions exist only when the deteninant is equal to zero:
jHk !*Myj=0 (3.9)

In matrix form this is
Hll ! 2Mll H12 ! 2MlZ H13 ! 2M13

H12 !2M12 H22 !2M22 H23 !2M23 L
His !2Mys Hps !2Mp; Haz !2Mgg i =0 (3.10)
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Notice that both H and M are written symmetrically. This is because changing
the order of the indices reverses the order of the partial deatives, and in general
the order of partial di erentiation doesn't matter.

The equation shown in 3.10 is commonly referred to as tteharacteristic equa-
tion. Its solution consists ofn roots which can be called 2. These areeigenvalues
of the characteristic equation. Choosing one of the roots,, and substituting it
into the equations of motion (3.7) allows one to determine th vector 8. These
constants correspond to areigenvectorfor that value of ! .. Together, this data
de nes the general solution for one of the generalized coardtes, ¢ (t). Using the
principle of superposition to add all of the resulting normamodes yields a linear

combination of solutions which take the form

X .
gt)y= gt o (3.11)
r
The real part of which is simply
X
()= a cost t ) (3.12)

3.3 Example: the triangle

One of the simplest, non-trivial systems that we can considavith this method is

the triangle. Applying the results of the previous discussin involves determining
the equilibrium con guration of the system, writing out the potential energy as a
function of the generalized coordinates, computing the Haan (H) and its eigensys-

tem?, and then visualizing the motion. The equilibrium con guraion is found using

2Rather than having to compute jH ! 2Mj, by setting M = 1 for all of our systems we simplify
the analysis tojH ! 21j, which is equivalent to computing the eigenvalues oH. By transforming
to the so called mass-weightedcoordinates, we could retain the simple dependence oH while
letting M vary [11].
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geometry and the potential energy is found by inspection. Athe other steps can
be easily accomplished usinijylathematica The Mathematica code for the triangle
appears in the appendix. Whenever possible | have used therganotation that
appears in the tex. We adopt a notation in which the equilibrium con guration of
the system is de ned byR, and the displacement of each vertex from equilibrium
is given byr. Thus, in cartesian coordinates the position of a vertex at ame t is
given by

Ri+ri(t) = (xi(t);yi(t); zi(1)): (3.13)

3.3.1 Determining the potential energy function

The energy stored in a spring is found by integrating Hookelaw. We dene r =

r d, wherezr is the Iengthzof the springzandd IS thze equilibrium length.

V = f hookedr = kK rdr=  krdr kddr = %kr2 kdr + C

but
V(r=dy=0=) C= %kdz

which implies

1 1
V= 2kr2  Kdr+ =
2 3

In order to implement this result, we must rst de ne a function that calculates r

kd? = %k(r d)%: (3.14)

in higher dimensional cases:
dr(ri;rj) = j(Ri+r) (R;+r))j d (3.15)

If the vertices of the triangle are labeled as in gure 3.1, thn the energy stored in

the three springs is

= %k dr(ro;ry)?+ dr(ry;rp)?+ dr(ra;ro)? (3.16)

3In Mathematica, elements of matrices and vectors are selected in a speciabw x; !  x[[i]].
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ey Yeiv)
fo| 0 [Y3/2
r|-12] o
r,| 12| 0

f [P}

Figure 3.1: The coordinates for the triangle are de ned in a counter-
clockwise direction and start with the zero index: G, ;B :::n 1. This
makes certain aspects of the Mathematica code cleaner than if we started
the index at 1.

3.3.2 Computing H and its eigensystem

We compute the Hessian by evaluating the appropriate partiaerivatives and sub-

stituting the equilibrium positions of the coordinates?

__ev  _
@u@a
0 1
0:5 0 0:25 0:433013 0:25 0433013
0 15 0:433013 0:75 0433013 0:75
0:25 0:433013 125 0433013 1 0
0:433013 0:75 0433013 075 0 Q
0:25 0433013 1 0 125 0:43301
0:433013 0:75 0 Q 0:433013 075

(3.17)
Note that this matrix is symmetric as expected. Mathematica can compute the
eigenvalues and eigenvectors. The square root of the eigdoes, (i.e. the normal

4The coordinates' equilibrium positions are de ned by R. The zero subscript refers to the
displacement vector (), which by de nition, must go to zero.
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frequencies), are shown here:

0 1
1:73205
1:2247
1:2247

0
0
0

(3.18)

Before visualizing these results, we immediately notice d&hthree of the eigenvalues

are zero. The three zero-modes are expected for the follog/ireason: our solution

does not restrict the motion of the particles in a translatioal or rotational way, and

it requires exactly two translational and one rotational diections to de ne all the

possible positions and orientations.

Because of the simplicity of this system, it is possible to stw the eigenvectors,

a,, as the rows of the following matrix:

0 0 057735 05 0:288675 ® 0:288675.
0:00405143 (577336 @602013  0:285159 0:497962 0:29217
0:57735 0 0:288675 05 0:288675 ®
0:0083665  0:372842 016961  0:639141 6961  0:10654
0:816497 0 0:204124 0:353553 0:204124 (B53553
0580283  0:397816 0:231964 0:598918 0:231964 0:196714
(3.19)

The last three rows are eigenvectors of zero-frequency medienplying that they are

translational and rotational in nature. Any linear combinaion of horizontal trans-

lation, vertical translation, and rotation can be isolatedby choosing the appropriate
scaling factors, 4, s, and . Although it is not shown here, these scaling factors

can be easily found. Suppose one wants to nd out which represents translation
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in the positive x direction. We know that a matrix of the form
0 1

ax (3.20)

OPFrOFrOoPRr

describes this motion. In this case, each horizontal disglament coordinate, ¢, b,
and q), translates with zero frequency, and each vertical disptement coordinate,
(i, s, and ) is xed. Therefore, scaling the magnitude of this matrix tanslates
the triangle to some new position on the x-axis. To show thathie eigenvectors we
have solved for include this possibility, we solve the follong equation:

484+ sa@st+ el = Ay (3.21)

This is a set of 6 simultaneous equations with 3 unknowns, aralthough it is not
shown here, the solution exists. The same argument holds fegrtical translation
and rotation, and three-dimensional cases can be treatedrsiarly.

One subtle aspect of the rotation should be elaborated. Theaohinery we have
developed looks at in nitesimal disturbances from equilitum. Rotational motion
doesn't disturb the potential for small or large disturbanes from equilibrium, but
our techniques do not make that distinction. Consequentlyscaling a rotational
mode accurately re ects small rotations, but distorts largr ones. Zero-modes are

discussed in more detail in Appendix A.

3.3.3 The general solution

The normal frequency,w,, and each element of the corresponding eigenvectey; ,
de ne the angular frequency and the amplitude of the simple d&rmonic motion

executed byq. In general, the motion is a linear combination of all possilties.
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Although the true solution allows each mode to oscillate wiitits own, speci ¢ phase,
this analysis omits that possibility. We do include the necgsary scaling factor, ,,
that determines the magnitude of ther™ normal mode. From this and equation

3.12 we can write: X
g (t) = r 8 COS( (1) (3.22)

r

The motivation for choosing our index to count from zero becomes apparent when

putting these results back in vector form:

b (oo (t); agj+ (1)) (3.23)

The solution is now in a form that Mathematica can animate. Figure 3.2 shows a
series of snapshots taken at regular intervals after animag the vibrational modes
of the triangle. Figure 3.3 shows how the triangle moves wharzero-frequency mode
is selected, and instead of incrementing the time, we increment the amplitude of

the motion, .
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Vibrational Modes of the Triangle

W,= 1.73rad/sec

W,= 1.22rad/sec

W,= 1.22rad/sec

Figure 3.2: The normal modes of a triangle with the vertices connected by
springs. Snapshots are taken at .2 second intervals and fade into black

at the nal time I = ,2—
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Translational/Rotational Modes of the Triangle

w,=0

wg=0

Figure 3.3: Three of the triangle's normal mode are zero. These correspo nd
to translational and rotational motion in which all of the sp rings remain
at equilibrium. By increasing the amplitude of we can see how the
associated eigenvectors a ; a ect the triangle.



Chapter 4

Numerical Approach to Coupled
Oscillations

The analytical method introduced in the previous chapter habeen successfully ap-
plied in a wide variety of applications. However, it is posble to understand the
motion of mass-spring systems more completely by pairingithmathematically rig-
orous analytical approach with a computational one. By in@menting the equations
of motion forward in time, the trajectory of a given system ca be calculated know-
ing only the physical laws that govern it. This \brute force" method doesn't require
the same mathematical restrictions occasionally needed the analogous mathe-
matical treatment, and it can be easily modi ed to treat a wice variety of systems.
Although the numerical method does not illuminate fundametal behavior the same
way that algebraic solutions often do, the results can be pbed using a number of

techniques and methods commonly found in traditional expenental physics.

For mass-spring systems, a physical analogy to the compui@aal approach
would involve going into the laboratory and connecting a buch of masses with
springs in the appropriate way, then plucking one of them andistening to the
object vibrate. Given the personal computing power availdé today, it is more
practical to construct and manipulate these objects withira digital framework.
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To accomplish this, it is necessary to introduce a generaldenique for trans-
forming equations of motion, like Newton's 2nd law, into a fon appropriate for

numerical integration algorithms'.

dy .\ _ <o
S0 =fEy) (4.)
wherey and f are N -dimensional vectors.
0 1 0 1
ya(t) fi(ty)
ya(t) fa(t;y)
y=8 Ya(t) ¢; f=8 faty) (4.2)
Y (1) fn(ty)

Solving equation 4.1 amounts to solving the following N sintianeous rst-order
ODE's:

d
PO = fEy);
d
PO = Tty
My =ty

When modeling physical systems, second-order di erenti@quations are often
encountered. Newton's second law, for example, takes therfo

d>x 1 dx

— = —F(t —;

dt m ( dt

This second-order ODE can be rewritten as two simultaneousst-order ODE's by

X): (4.3)

de ning a new variable, v, which is the rst derivative of x:

dx a
O = v (4.4)

1The following approach is taken from Landau et al (See [7] p12-128). Press et al (See [8]
p707-752) provide a more comprehensive discussion includj a variety of C implementations.



25

dv 1,
a(t) = EF(t,v,x) (4.5)

In the form above, Newton's equation of motion can be cruncteby a variety of
integration algorithms. Note that, if our system containsN particles instead of
just one, equations 4.4 and 4.5 would become a set df 2rst-order equations.
The force function on the right hand side would then become ariction of all the
possible interactions: F(t;v;x) ! F(t;vy; Ve,  ;Vn;X1;X2,  ;Xn). EXpressing

this in terms of the N element vectorsx and v, we have
dx
—(t
dt( )
dv
—(t
OIt( )

The physical systems considered in the following chapteiis in three dimensions, so

v(t) (4.6)

%F(t; X;V) 4.7)

the actual number of equations hidden in the sleek vector nation above increases
from 2N for a one-dimensional system to 3 2N = 6N for a three-dimensional
one. Once the di erential equations are organized in this nmamer, the application

of various integration algorithms follows smoothly.

The simplest and most intuitive of these is Euler's algoritm. It evaluates the
force functionf(t; y) at the beginning of some time interval,ty, for which y(to) is
known. Then it makes the crude assumption that this valuef (to;y(tg)), remains
constant over the small time intervalh. Thus the value ofy at some future time is
simply y(to+ h)  y(tg)+ hf(to; y(to)) (See gure 4.1). Because the implementation
of integration algorithms involves many iterations, it is ommon to write them in

terms of n, the number of time steps. Written this way Euler's algorithm is
Y1 = Ya + hf(ta;yn) + O(h?) (4.8)

where it is important to note that the subscript refers to thenumber of time steps,
not speci ¢ components of the vectors. The large correctiofactor, O(h?), is one
reason why this method is rarely recommended.
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y(t) _ -

Figure 4.1: Euler's method. The derivative at the starting point of each
interval is extrapolated to nd the next function value. Thi s method has
rst-order accuracy [8].

The second-order Runge-Kutta, or the midpoint method, ackives greater accu-
racy by using a trial point in the middle of the interval to esimate the value off
(See gure 4.2). The algorithm is

ko, = hf(t +}h' +}k)
2 - n 2 ,Yn 2 1
Ynt1 = Ynt kKot O(hg): (4.9)

The fourth-order Runge-Kutta algorithm (abbreviated asRK4 ) samplesf at four
trial points within the interval (See gure 4.3). By cleverly choosing and combining
these samples, it achieves fourth-order accuracy (that ié correction factor is
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y(t)

Figure 4.2: Midpoint method. Second-order accuracy is obtained by us-

ing the initial derivative at each step to nd a point halfway across the
interval, then using the midpoint derivative across the ful | width of the

interval. Filled dots represent nal function values. Open dots repre-
sent function values that are discarded once their derivati ves have been

calculated and used [8].
O(h®)). The algorithm is

ki = hf(th;yn)
ko = hf(t, + Ly, 1k)
2 - n E ,Yn E 1

1 1
ks = hf(ty + > Ynt ékz)
ko = hf(ta+ h)yn + ka)

ki ko ks ki .
4 = +—+ S+ 2+ 2+ , .
Yo T Yt gttt e O(h?) (4.10)

Even though this algorithm requires four times as many cal¢ations as Euler's
method and twice as many calculations as the midpoint methgat will be used to
address our problem of mass-spring systems. The main motiea for this choice is
simple: the necessary processing power is available, sor¢his no need to exchange
accuracy for speed. This is partly due to the computationafl favorable nature of
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y(o) Pt

to ty

Figure 4.3: Fourth-order Runge-Kutta method. The derivative is evalu-

ated four times: once at the initial point, twice at trial mid points, and
once at a trial endpoint. From these derivatives the nal fun ction value
(the lled dot) is calculated [8].

problems involving nearest-neighbor interactions, and sb because the most com-
plicated system we consider, the clathrin cage, contains 3rtices. Thanks to
the rapidly growing power of personal computers, the motioonf these 36 coupled
point-masses can be integrated using the fourth-order Rueglutta method in a

reasonable amount of time.

4.1 Mass-spring implementation

Applying the techniques of the previous section to systemd coupled point-masses
is a straightforward exercise. In practice, it can be brokexown into the steps
shown in gure 4.4. After de ning the variables, the initial conditions, and the force
function, the RK4 algorithm computes the trajectory of each of the masses imte.
The result can be analyzed in a variety of di erent ways. In tis discussion we focus

on visualization and Fourier transform techniques.
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define inital define constants: define the
conditions: (h,d, k, 1) force function:
(r,v) F(r)
| l l |
I' Eo \, Analyze the motion
apply Runge-Kuttal Doy through visualization ‘
n times A r.3 :—> and Fourier transforms
b
N
Figure 4.4: Schematic representation of the mass-spring simulation. T he

actual Mathematica code appears the Appendix.

4.1.1 De ning constants and initial conditions

The notation used to implement theRK4 algorithm appears in the frontmatter and

is repeated here:

mass of each vertex

force constant of each spring

equilibrium length of each spring

integration time step

target integration time

the number of steps made in the integrationr( = %

the number of vertices in the system

vector of vertex positions (each entry takes the formx{y; z))
vector of vertex velocities (each entry takes the formvg; vy; v;))

Z5 5 >a x 3

r
v

We can freely select any appropriate value fdt, d, t;, and m, but because this
exploration is based on a comparison between a variety of sms and approaches

it is in our best interest to keep them constant whenever posde. No e ort will
be made to select values which correlate with real physicalstems, although these
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types of considerations are appropriate for future work.

For simple objects like the triangle, the cube, and variousgdyhedra, the equi-
librium position of each of the verticesR, can be computed using geometry. With
more complicated objects, the obvious example being the ttian cage, R is not so
easily identi ed. We can capitalize on the fact that we are iterested in equilibrium
con gurations, however, by making a guess at the initial pagons of the vertices
and letting the system relax to its lowest energy state. This the method employed
to nd clathrin's vertices in chapter 7. Meanwhile, the velaity vector, v, is zero at

equilibrium.

4.1.2 Determining the force function

As discussed earlier, physical systems are governed by News$ 2nd law which we

can write in terms of two rst-order di erential equations:?

dr
a(t) v (t) (4.11)

dv I N |
0 = —FErv)= ZF() (4.12)

From these equations it is clear that the force function of is simply the value ofv
at that time. The force function of v will be given by Hooke's law which depends
only onr. In order to nd F(r) we de ne the tension in the spring between the

verticesr; andr; as

T(rir) = KGri rj dD

- 4.13
Jri 1yl ( )

One can verify that this carries the correct sign by assuminthe two vectors are
stretched beyond the equilibrium distance. If so, the rst lalf of the equation,

2Here the vector of one-dimensional componentsx, has been replaced by a vector of three-
dimensional components,r. This notation is slightly ambiguous because from now orv will also
be treated as a vector of three-dimensional components, emehough its label remains unchanged.
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ri rj

k(jri rjj d) carries a negative value. The second tern],i—rjj, is a normal
vector pointing fromr; to r;i. Thus, the vertex atr; will be pulled toward the vertex

at rj, as expected.

The total force on any one vertex is simply the sum of the termns acting on it

X
F(ri)= T(ri;rj) (4.14)

wherej ranges over any vertices that are connected 1. The force function then,
takes the vector of positionsy, appliesF to each entry, and spits out a vector which
represents the total force on each vertex:

F(ry) = Ej T(ra;ry)
F(r) = % m(r2) = :jT(rz’rj) % (4.15)

P
F(rn) = T(rn; 1)

The previous two functions, T (ri;rj) and F(r) appear in the included mathematica
code asT [i][j] and F[r].

4.1.3 Implementing RK4

To integrate Newton's second law and obtain the positions dhe masses at some
future time, we enter the inital positions, the constants, ad the force function into
the RK4 algorithm. Because we actually have 2 simultaneous setsNfdi erential

eguations, one set that de nesﬂ—{ and one set that de nes‘é—¥, it is necessary to
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rewrite equation 4.10 in the following way?
ki = h%F(rn)
j1 = hv
Kz = hF(ra+ 5i)
j2. = h(v+ %kl)
ks = h%F(rn + %jz)
ja = h(v+ %kz)
Ke = hF(ry+ jo)
ja = h(v+ks)

kl k2 k3 k4
b = + -4+ L4 24 2
an Vn -6 .3 - 3 - 6
Ji, 12,13, Ja
b = + o+ L4242 .
let In 56737376 (4.16)

As confusing as this set of equations rst appears, it is eadp assign physical
meaning to each of the terms. For examplg, is just the change in the position
vector over the interval h, assumingv holds its initial value. j, is the change in
the position vector over the interval assuming holds its estimated midpoint value.
The other j's and k's can be interpreted in a similar fashion. It is a testament
to the RK4 algorithm that appropriately combining these terms obtaiis such high
accuracy.

4.2 Example: the triangle

In order to illustrate several methods of interpreting the esults of this algorithm

and to assess its accuracy, we consider a system whose swiutvas obtained in

3The subscripts onv andr refer to their values at di erent intervals of h, not speci c components
of the vectors.
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the previous chapter: the triangle. First the speci cs of g6ng up F are discussed.
Then a method of testing the algorithm's accuracy will be imbduced. Finally,

Fourier analysis is used to compare the classical and the goutational approach.

4.2.1 Determining F (r) for the triangle

Determining the force function of each vertex in the triangd is easily done using the
function for tension, T(ri; r;):* If the vertices are labeled as before (See gure 3.1),

then 0 1
T(ro;ra)+ T(rosr2)

F(r)= @T(ry;ro)+ T(ryra) A (4.17)
T(ra;ro) + T(rz;rq)

With the force function known, we execute thdRK4 algorithm to obtain the solution.
As the simulation runs, a series of values farand v are generated corresponding to
the changing positions and velocities, respectively, of éhtriangle's vertices in time.
It is useful to concatenate these values oftogether in a list calledrdata for future
analysis. Note thatrdata is a nested list: each value of within rdata contains a
set of (x;y) coordinates de ning the position of each vertex. In orderd pick out

speci ¢ components of this data, we introduce the relation

rdata ()= r(t=h i) (4.18)

4.2.2 Checking energy conservation

The algorithm's accuracy can be gauged by observing how thetal energy of the
system changes in time. Because it is a closed system, we kribat the sum of the
potential and the kinetic energy must remain constant. Thestwo quantities can be

calculated from the model by noting that the potential can bewritten in terms of a

4You may have noticed that this equation is over-characterizd; we haven't taken advantage of
the fact that the tension on r; due to r; is just the opposite of the tension onrj due to r;. It
would be quite easy to de ne a function which deals with this in a more elegant way, but for the
level of complexity considered here there's no need. We hawbe CPU cycles to spare.
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sum of spring tensions, and the kinetic energy can be calctdd from the velocity

in the usual way. The energy stored in a single spring can beiten:

1 1
V = Zk r?2= T2 4.1
2 T % (4.19)
So the potential energy at timet is
1 X
V= o T (1)? (4.20)

j
wherej varies over each of the springs. The kinetic energy is
1 X
K@M)= sm vy’ (4.21)
k
wherek varies over each of the vertices. After running the simulain and monitoring
this quantity, E = V(t) + K(t), we notice that the total energy is slowly draining
(See gure 4.5). To quantize how \bad" this is for our model, w can take advantage
of the one-way change irE to easily compute the fractional energy loss:

E_E() E(t)
E E (0)

For typical values of h and n, about 0.3% of the initial energy is lost (See gure
4.5). 1t is dicult to predict how this will a ect the computa tional model, but
small vibration comparisons with the analytic solution agee to high precision, which
suggests that the energy loss is acceptable.

4.2.3 Comparing the results

In order to compare the computational and analytical resu#t, we use Fourier anal-
ysis to obtain the frequency spectrum of the computationalesult®. Mathematica

includes a built in Fourier transform function calledFourier which is ideal for our

SA detailed discussion of discrete Fourier transforms can bedfound in Landau et al (See [7]
p157-161).
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DE/E in theTriangle

# —Kinetic Energy

1.4 u10®
1.2 u10®
1p10°®
8u10”’
6u107"
ap107 by
2u107
i ’20 2 A o = * lOO—PotentiaI Energy
n=t¢eh
n=t¢eh
2000 4000 6000 8000 10000
1.499 p10’®
1.498 p10°®
1.497 p10’®
1.496 p10°®
1.495 p10°®
h=.1
t; =1000
DE/E = .0037286
Figure 4.5: When simulating the vibrating triangle with the fourth-ord er
Runge-Kutta algorithm, we see that conservation of energy i s violated.
Looking at the fractional energy lost, E=E, for typical values of the

variables allows us to gauge the accuracy of the algorithm.
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purpose8. Before applying this function, we force the data to be peritic within
the interval n by multiplying it by an appropriate window function. This prevents
the discrete Fourier transform from trying to process data hich is not truly pe-
riodic (except in the unlikely event that r(t;) and v(t;) exactly match the initial
conditions). The square of a sine function is used to obtaimé windowed data:
wrdata (i) = rdata (i) sin ﬁi ’ (4.22)
wherei ranges from 0 ton. In order to get as much information out of the data
as possible, we applyFourier to the motion of each coordinateqg. The results
of these N discrete Fourier transforms (or 8l for a three-dimensional system)
are then summed together to obtain an accurate understandjnof the triangle's
frequency spectrum. The discrete Fourier transform ai data points producesn
new transformed data points. The magnitude of thé" element of the transformed

data determines the amount of the frequency; present in the original data, where

.2
| . = | —
Ly Inh (4.23)

We use this equation to pair the results ofFourier with matching angular frequen-
cies. Itis important to notice that this equation implies that our frequency resolution

will have a width of
2

i+l L I’lh_

Therefore, increasingh and t; simultaneously will not increase frequency resolution.

%: (4.24)
We must pick a suitable value ofh and then run the simulation long enough to
obtain the necessary resolution. In the following gurest; = 1000, so we expect a
frequency resolution of :005 radianssecond.

In order to use this method for comparison, we sample the a8t solution at

intervals of h and use its initial position, ¢(0); . (0);::: (0), as the starting point

5This function actually calls an FFT algorithm.
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of our simulation’. If the Runge-Kutta algorithm works perfectly, the two Fourier
transforms will be identical for small displacements fromaiilibrium. Recall that
 scales the magnitude of the vibrational modé,. Figure 4.6 shows the Fourier
transforms for the rst two normal modes, and then a linear cabination of them.
Because our analytical solution is for in nitesimal displaements from equilibrium,
the small values of selected are suitable. We can also demonstrate that arbitya
motion is truly a linear combination of motion at the normal fequencies. In gure
4.7 the initial value of r is randomly selected, but the resulting motion is still a
composite of two frequencies. Comforted with the knowledgbat both solutions
agree and behave as expected, the next several chapters mersmore interesting

structures including the tetrahedron, cube, and clathrin age.

’Because we picked the general solution to be a sum of cogjneries, whent = 0 the triangle
will be maximally stretched and will have no velocity: g(0) =  (constant terms) sin(0) = 0.
This means we can set the initial velocity of the computatioral solution to be zero in all cases.
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Analytic Solution
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0.035 ‘
0.03 \‘
0.025 “
0.02 ‘
o 0015 H
B o0 “
T 0005 |
= L
g 0.25 05 0.75 1 125 15 1.75 2
o Numerical Solution
E 0.04
2 o
0,025 Analytic Solution
0.02 0.04
0.015 0.035
Ooog; 0.03
’ 0.025
025 05 075 1 125 15 175 2 0.02
Angular Frequency 0.015
h=.1; t f=500; n =5000; o 001
alpha = 8.001,0,0,0,0,0 < 5 0.005
§ 02505075 1 12515175 2
=
Analytic Solution o
0.04 = Numerical Solution
0.035 E 0.04
0.03 H 0.035
0.025 H 0.03
o ‘ 0.025
§ -001 002
£ oo0s l 0.015
g 0.25 0.5 0.75 1 i25 15 1.75 2 001
° ) ) 0.005
g Numerical Solution 0.250.50.75 1 1.251.51.75 2
T 004 .250.50. 251.51.
& 0.035 Angular Frequency
0.03
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Figure 4.6: Comparison of the analytical and computational solutions t

the vibrating triangle. Two of the three vibrational modes a re individu-
ally stimulated by stretching the triangle in the appropria te way. Then
both modes are stimulated simultaneously. Extremely small initial dis-

placements are used to make sure the system behaves harmonic  ally
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Frequency Magnitude

0.14 |
0.12 |

o
=

0.08 |
0.06 |
0.04 |
0.02 |

random initial displacement
h=.1; t f=500; n =5000;

025 05 075 1 125 15 1.75
Angular Frequency

2

Figure 4.7: Small displacements from the equilibrium position of r are

randomly selected. The numerical solution shows that the re

tion is a linear combination of oscillations occurring at th

frequencies.

sulting mo-
e two normal
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Chapter 5

The Vibrating Tetrahedron

Normal frequencies in the tetrahedron can be found using kér of the two tech-
niques discussed previously. In order to understand the moh more completely,
we choose to apply both of them. The analytic solution provies us with the gen-
eral solution for small vibrations, but by examining the Fouier transform of the

computational solution we can explore some of its nonlinegualities.

5.1 The analytic solution

Unlike the triangle, the tetrahedron is three-dimensional This means that we have
3N = 12 degrees of freedom. We expect six of these to corresponithwotation
and translation (the tetrahedron can rotate around two moreaxes and translate in
one more direction than the triangle lying in a plane). It is asy to write out the
potential energy since every vertex is connected to everyhetr vertex. There are six
terms in the potential energy, one for each spring. Figure borients and labels our

tetrahedron.

- %k dr(ro;ri)®+ dr(ro;r2)® + dr(ro;ra)® + dr(ry;rz)® + dr(ry;ra) + dr(ra;rg)®

(5.1)
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U3  Ys+n  Yei2)
Ro| o 0 2/3

R
3 Ry [ 12 123/ 0
R, 0 Ve 0

R

! Ry | 12 | -3 | o

RZ

Figure 5.1: The tetrahedron.

Assuming the rest length of each spring is 1, geometry deteimas the equilibrium

positions of the vertices. Using this result we computd using the familiar equation:

_ @v  _
@uag ,

0:5 0 0 0:25 014 (041 0 0 0 025 014 041
0 05 0 Q14 0:08 024 0 0:33 Q47 0:14 008 0:24
0 0 2 0:41 0:24 067 0 047 067 04 0:24 067

0:25 014 Q41 15 058 041 025 Q43 0 1 0 0

0:14 008 024 058 083 024 043 0:75 0 0 0 0
0:41 0:24 067 041 024 Q67 0 0 0 0 0 0
0 0 0 0:25 Q43 0 Qa5 0 0 0:25 043 0
0 0:33 047 (043 0:75 0 0 183 047 043 075 0

0 047 0.67 0 0 0 0 0:47 Q67 0 0 0

025 014 041 1 0 0 0:25 043 0 15 058 041

0:14 008 0:24 0 0 0 0:43 075 0 058 083 (024

041 024 067 0 0 0 0 0 0 A1 024 067

(5.2)
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where we have rounded each element of the matrix to the hunditbs place. The

normal frequencies corresponding to this matrix are
0 1

1:41421

1:41421

1:41421
1

(5.3)

cNoNeoNoNoly

0
As expected, there are six zero-frequency modes. The cop@sding eigenvectors
are not shown here, although they can be found in thilathematica section of the
appendix. The general solution is formed by a linear combitian of these modes:

X
g(t) = r& COS( (t) (5.4)

r

wherei ranges from 0 to 11. We put in vector form with the equation

(! (ge))(1); gsj+ (1); G +2 (1)) (5.5)

wherej ranges from 0 to 4. Figure 5.2 attempts to illustrate how thedtrahedron
behaves when each normal mode is excited. Note that for thetrghedron, the
so called "breathing” mode [ ;) has the highest frequency. The triply degenerate
normal modes ( 2;! 3, and ! ;) have slightly lower frequency. Each of these modes
exhibits quite di erent behavior. In ! ,, two of the vertices stretch apart and then
collapse back in. In! 3, the top of the tetrahedron squashes down pushing the 3
vertices at the base out before bouncing back to its initialgsition. In! 4, one vertex
is pulled into the tetrahedron while another is pushed out ftowed by the reverse

process.
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5.2 The computational solution

Modeling the tetrahedron with our Runge-Kutta simulation requires only the force

function. We already know the equilibrium positions of the pints, and we will use

the results of the analytical solutions to stimulate the dased modes. Since each

vertex experiences a force due to the spring tension betweself and every other

vertex, the force function is

0 1
T(ro;ra)+ T(rosr2) + T(ro;rs)
T(rl; ro) + T(rl; rz) + T(rl; rg)

T(rosro) + T(rosra) + T(ro;rs)
T(ra;ro) + T(ra;ra)+ T(rs;ro)

F(r) = (5.6)

whereT(r;;r;) is de ned by equation 4.13. Entering this intoRK4 and picking
such that an equal portion of each normal mode is present inégtmotion yields gure
5.3. Both solutions agree. Nonlinear qualities of the tetreedron can be observed
by slowly increasing the amplitude of (See gure 5.4). Notice that the originally
stimulated frequency,! ; = 2 radians=second, decreases in magnitude relative to a
new frequency. This new frequency is consistent withs and ! ¢ having a value
of 1 radianrsecond. Thus it is a demonstration of a nonlinear phenomendmown
as energy transfer This example illustrates the computational method's abity to
explore nonlinear ranges of motion, a subject that will retutn with our consideration
of the clathrin cage. In preparation of this task, however, @/turn to a simple system
which exhibits semi-rigid characteristics: the cube.
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Normal Modes in the Tetrahedron

Figure 5.2: The normal modes of a tetrahedron with vertices connected by

springs. Snapshots are taken at .2 second intervals and fade in to black

at the nal time 7 = .
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Normal modes of thé&etrahedron

h=.01;t =1000; n=20000;
a={.001,.001,.001,.001,.001,.001,0,0,0,0,0,0}

Analytic Solution Numerical Solution
0.1 0.1
S 0.08 S 0.08
2 2
£ =
2 0.06 S 0.06
= =
2004 2 0.04
8 8
& 0.02 L & 0.02

0.5 1 15 2 25 3 0.5 1 15 2 2.5
Angular Frequency Angular Frequency

Figure 5.3: All the normal modes in the tetrahedron are stimulated. The
analytic and computational solutions agree. Normal freque ncy degener-
acy increases the magnitude of the oscillation in the rst tw 0 peaks.
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Nonlinear Effects in th@etrahedron

varying the initial amplitude of w,
h=.01;t ;=1000; n=20000;
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Figure 5.4: Nonlinearity in the tetrahedron can be seen by increasing th e
amplitude of the vibrations. Rather than simply increasing the mag-

nitude of !4, energy is transferred from the original frequency to the
degenerate ! 5 and ! ¢ frequency. Although the scale chosen here does not
show it, there are probably higher frequency harmonics in th is case as
well.
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Chapter 6

Semi-Rigid Systems

Vibrational analysis of the triangle and the tetrahedron deonstrate the equivalence
and accuracy of both solutions for systems at equilibrium. @ what happens when
we apply these techniques to systems which do not have a wedl med equilibrium
position? We will show that in this case the analytic solutin can still provide
information about the vibrational modes, and in addition itcan serve as a method

of assessing the rigidity of a system.

6.1 The square

One simple system which does not have a single equilibriumgition is the square
with a spring along each edge. It is possible to deform this a&be into a rhombus
without stretching any of its sides (See gure 6.1). Thus, th potential energy
remains at its minimum value for all values ot that de ne a rhombus with edges
of the same length as the original square. However, all otheertex con gurations
do change the potential energy of the system. What happens &aimwe compute the
eigenvectors and eigenvalues éf in this case?

The potential energy is just the sum over each spring,

V= %k(dr(ro;rl)2+ dr(ry;re)®+ dr(rz;rs)® + dr(rs;ro)?) 6.1)
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I's s

Mo r

Figure 6.1: A square can deform into a rhombus without stretching any of
its sides. In the vibrational treatment of the square, this ¢ haracteristic
appears in the form of a new, zero-frequency mode.

and we have selected the equilibrium length of each side to he We computeH:

H= OV
@i(@ﬂ equilibrium

0 1
1 O 1 0 0 0O O oO
o 1 0 o O 0 0 1
10 1 O O O o0 o
O 0 0 1 O 1 0 O
o 0 o O 1 o 1 O (6.2)
O O O 1 0 1 0 O
O O O o 1 0 1 O
0 1 0 0 O O o0 1
Taking the square root of the eigenvalues gives us the nornfakéquencies:
0 1
0
0
0
0
| =
' 1:4142 (6.3)
1:4142
1:4142%

1:41421
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Varying the Amplitude of Zero-Frequency Modes

Figure 6.2: The general solution of vibration in the square is found by
computing H and looking at its eigenvectors and eigenvalues. The solu-

tion contains 4 modes in which the vertices translate with ze ro-frequency.
Visualizing these modes shows that they correspond with a de formation
of the square which does not stretch any springs for small dis placements
from equilibrium. A linear combination of the two modes show n would

cause a translation in the y-direction.

and the eigenvectors are the rows of the following matrix:

0 1
0O 1 0 0 O 0001
0O 0 0 0 1 01
0O 0 0 1 0 10
1 0 1 0 0 0O
0 1 0 0 O OO (6.4)
0O O O O 1 01
0O 0 0 1 0 10
1 0 1. 0 O O0O0UO

We generate the general solution in the usual way and chooggpeopriate values of

to examine each normal mode. Notice that instead of nding 3exo-frequency
modes, as we did in the triangle, there are 4. We increase thmplitude of several
of these modes and observe the result. (See gure 6.2). Aligh we do not show
all the zero-frequency modes, glancing at their associatedyenvectors reveals that
there are no obvious translational or rotational modes. Hamver, it is easy to make
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the appropriate linear combinations of zero-frequency med to describe translation

and rotation in this case (See gure 6.2).

These results can be interpreted by remembering that the alyéic solution is
valid only for small displacements from equilibrium. Imagie taking the right edge of
the square and pulling it in the y-direction. Although you waild clearly experience
a force when the right edge is pulled a good distance upwardisyou pull that edge
up only anin nitesimal amount, it is less obvious how and if the horizontal springs
would be stretched. Recalling that the Hessian matrix is mety the 2nd order term
in the Taylor expansion of the potential energy, we realizentit if there is a restoring
force in this in nitesimal displacement, it must appear in he Taylor expansion as
a 3rd order term or higher.

One rami cation of this insight can be seen by modifying the gvious example.
Instead of holding the right edge and pulling it upwards, imgine pulling the top-
right vertex up while pulling the bottom-right vertex down. If the previous analysis
is correct, the only force either of these vertices experiemwould be due to the ten-
sion of the spring connecting them. Looking back dt and visualizing the solution
shows that this is indeed true. The frequency we expect for twamasses connected
by a spring is easily found from Newtons 2nd law without usinghe machinery we

have developed thus far. The tension in the spring is given byooke's law:

Because the center of mass must not move, we have
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Vibration in the square

Figure 6.3: The general solution of vibration in the square is found by co m-
puting H and looking at its eigenvectors and eigenvalues. The soluti on
contains 4 vibrational modes in which each set of two vertice s oscillate

along their shared edge.

SO

T = 2kx

T 2k

X = = I

Im_ m
2k
= | = _

) ! - (6.5)

wherex; and x measure the displacement of each point from equilibrium aig the

axis of the spring connecting them. In our simulations, we ka set

k! 1
m! 1

=) 1= P2 = 141421 (6.6)

This is exactly the frequency of the four vibrational modes & found in the square.
A quick look at the eigenvectors shows that each mode correspls to oscillation
between two vertices which share an edge. This is illustraten gure 6.3.

So, applying the analytic solution to a system that is not at awell de ned

equilibrium is still quite revealing. It has informed us whavibrational modes can
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exist in the structure, and considering the zero-frequenayodes reveal the ways it
can deform without experiencing 2nd order forces. Recalldhfor a rigid, nonlinear
system in three-dimensions we expect the number of zeroguency modes to be
six (three corresponding to translation, and three corregmding to rotation). Our
consideration of the square suggests that its worthwhile tatroduce a new variable,
, Which describes the rigidity of a system, where = 0 implies a completely rigid
system, and increasing values of indicate a less stable structure. If we de ne to
be the total number of zero-frequency modes arfdto be the expected number of

translational and vibrational modes, then we propose a new equation:
= f (6.7)

Or in words, the rigidity of the system is related to the numbe of zero-frequency
modes minus the expected translational and rotational mode To see if this equation

e ectively describes the rigidity of a system, we apply it toa cube.

6.2 The cross-braced cube

Previously, we saw that the square has four vibrational modeand four zero-frequency
modes. To test equation 6.7, consider a similar but more coiigated system: the
cube. We can immediately make some conjectures about the exped solution.
As the square example illustrates, moving the endpoint of gpsng along a path
perpendicular to the direction of the spring does not cause 2nd order restoring
force. Thus, in the cube it seems reasonable to expect at le&normal modes
corresponding to the vibration of each edge. The goal is toast with this system
and then add additional springs between vertices not normglconnected. As we do

this, we watch the rigidity index,

lIn general, this would be 6 for nonlinear systems, 5 for lineaones, or for two-dimensional
cases like the triangle and the square, 3.



6.2. THE CROSS-BRACED CUBE 55
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RJ 0 | o 1
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R 1 | 1 1
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Rl 1 | 1 | o
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Figure 6.4: Labeling the cube vertices.

6.2.1 Determining the potential

The potential of a cube is easy to de ne with the help of gure &!. Since we will
be adding springs to the system which vary in equilibrium legth, it is important
to include the appropriate rest length in each term of the pantial energy. The
function that determines the displacement of each spring is

dr(ri;ry)=jri rjj d (6.8)

As usual, we set each edge to be of length 1. Geometry showsttfa diagonal

springs that cross through the center of the cubel = g 3, while for diagonal springs
that lie on a face,d = P 2. Rather than writing out the various potential functions
here, the reader is referred to thdlathematica code in the appendix. The following
values of! are calculated by adding the energy terms from cross-bragirsprings
to the cube's potential function. In order to present the raglts more elegantly, we
will use a series of gures which graphically show the incledl springs along with
the system's normal frequencies and the index of rigidity, (See gures 6.5 and
6.6). Notice that, as we expected, the unbraced cube has ettga@ identical, non-

zero, vibrational modes. The corresponding frequency iseidtical to that of two
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Figure 6.5: Top: the unbraced cube with normal frequencies and the index

of rigidity: = zero-frequencies 6. Bottom left: adding one diagonal
spring across each face reduces to zero. Bottom right: Adding more
springs, one between every pair of vertices, changes the nor mal frequen-
cies but does not alter the number of zero-frequency modes.
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Figure 6.6: Adding diagonal springs to the cube a ects the index of rigid
, in a methodical way.
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masses connected by a single spring. So like the square, sarse restoring forces
must be 2nd order or higher. Furthermore, the index of rigidy behaves in a useful
and intuitively correct way. By trying various spring combnations and using the
normal mode analysis we are able to quickly and easily deteima which shapes are
rigid, and which exhibit various degrees of oppiness. Thesresults call for a more
rigorous mathematical approach which will be touched upomiAppendix A. For

now the focus remains vibration in the clathrin cage. The cte look we have taken
at semi-rigid systems will be vital in interpreting resultsobtained in the following

chapter.



Chapter 7

Normal Modes of the Clathrin
Cage

Recall that the clathrin cage is a large hexagonal barrel spa with rigid triskelions

on each vertex. In order to use the machinery introduced in thprevious chapters,
we must simplify this complex biological protein into a set bpoint masses coupled
by springs. It is hoped that as extreme as this simpli cationis, the results of a

normal mode analysis will still yield useful results.

Applying the analytic and computational methods to this sytem is a test in
patience and care, but the specics of both approaches remaiinchanged. Struc-
turally, the clathrin cage has 36 vertices and is composed &2 pentagons and 8
hexagons for a total of twenty faces. This means that we exgegN = 108 normal
modes. In the analytic solution, the potential energy incldes one term for every
spring which works out to 54 terms. The Hessian matrix will h&e the dimensions
108 108. This means that each eigenvector will also have 108 eénts, and there
will be 108 eigenvalues. Meanwhile, the computational sdlon requires the deriva-
tion of 36 equations which describe the force each vertex exgences (i.e. a 36
component force function). Due to the large size of these qidies, the reader is
referred to the Mathematica code to see how they are generated.
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7.1 Finding the equilibrium position

Unlike the previous cases, the equilibrium con guration otlathrin is not trivial,
and its computation relies on a modi cation of the numericalmethods previously
discussed. We conjecture that since each vertex represeatsiskelion in the physical
system, the equilibrium distance between neighboring vaéces must remain the same
across the cage. From electron micrographs, we know how tharieus triskelions
interconnect in the speci c case we have chosen. These twetiamotivate the use
of our computational model to determine the minimum energyfdhe system. If we
make a reasonable guess at the equilibrium position of eachrtex and include a
damping term in the force function, then running the simulaibn will relax the cage
down to a con guration in which all the springs assume theirest length. Modifying

the force function with a velocity dependent damping term glds:

P 1
F(ri)= Pi T(ra;rj) Vi
F(r;v):% F(r2) = JT:(rZ’”) V2 § (7.1)

Fi)= | T(wir)

where| ranges over the connected vertices, andis the damping coe ecient.

We estimate the position of each particle by assuming that ewy vertex lies on
a set of rings oriented in thex-y plane (See gure 7.1). Spherical coordinates are
used to select 6 evenly spaced points on each ring. By varyiegch rings scale,
rotation, and position along the z axis, we assemble a set of coordinates which
roughly matches the symmetry of the true cage. Labeling thegoints in a careful
way, (See gure 7.2), makes computing the force function arsightforward, though
tedious, process. With these quantities known, we run thersulation and observe
the clathrin cage settling to an equilibrium con guration (See gure 7.3). Note that
we have chosen the usual rest length for each spring:= 1. Our e orts result in

table 7.1. With the equilibrium con guration of clathrin kn own, we can proceed
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X

Figure 7.1: We take a rough guess at the clathrin's equilibrium con gura -
tion by assuming the vertices lie on a set of rings oriented in the x-y plane.
The bold lines show where the springs will connect in our simu lation.

with the usual analytic and computational methods.

7.2 Analytic results

Using the previous result, we compute the potential energynd the resulting Hessian
matrix. Computing the normal frequencies reveals a surpeas there are exactly 54
vibrational modes and 54 zero-frequency modes in the claihrcage (See table 7.2).
Applying the formula for the index of rigidity here

= (zero-frequency modes) 6 =48: (7.2)

If this equation is at all indicative of the exibility of a st ructure, then it appears
our mass-spring model of the clathrin cage is far too great argli cation. What
are we to make of the non-zero normal frequencies in light dfis? We turn to the
computational model for further insight.
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Figure 7.2: These diagrams demonstrate how the clathrin vertices are co n-
nected by springs, and is used in the construction of the forc e function.

Each number represents the index, j, of the vectorr ;.
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Determining the clathrin equilibrium configuration

N\

[EnY

50 100 150 560 iterations

L

Figure 7.3: Taking a guess at clathrin's equilibrium position and inclu ding
a damping term in its force function allows us to minimize the potential
energy and nd the true equilibrium position numerically. T he plot shows
values for a few @ as they equilibriate.
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Table 7.1: The equilibrium con guration of clathrin is found by includ

CHAPTER 7. NORMAL MODES OF THE CLATHRIN CAGE

R@D

R@LD

R@D

R@D

R@D

R@D

R@D

R@ D

R@D

R@D

R@LOD
R@L1D
R@2D
R@L3D
R@4D
R@5D
R@6D
R@7D
R@8D
R@9D
R@0D
R@1D
R@2D
R@3D
R@4D
R@5D
R@6D
R@7D
R@8D
R@9D
R@O0D
R@1D
R@2D
R@3D
R@4D
R@5D

X y y4
1. 0 1.76901
0.5 0.866025 1.76901
-05 0.866025 1.76901
- 1. 0 1.76901
-05 - 0.866025 1.76901
0.5 - 0.866025 1.76901
1.61969 0 0.984161
0.809845 1.40269 0.984161
- 0.809845 1.40269 0.984161
- 1.61969 0 0.984161
- 0.809845 - 1.40269 0.984161
0.809845 - 1.40269 0.984161
1.50165 - 0.866981 0.5
1.50165 0.866981 0.5
0 1.73396 0.5
- 1.50165 0.866981 0.5
- 1.50165 - 0.866981 0.5
0 - 1.73396 0.5
1.50165 - 0.866981 -05
1.50165 0.866981 -05
0 1.73396 -05
- 1.50165 0.866981 -05
- 1.50165 - 0.866981 -05
0 - 1.73396 -05
1.61969 0 - 0.984161
0.809845 1.40269 - 0.984161
- 0.809845 1.40269 - 0.984161
- 1.61969 0 - 0.984161
- 0.809845 - 1.40269 - 0.984161
0.809845 - 1.40269 - 0.984161
1. 0 - 1.76901
0.5 0.866025 - 1.76901
-05 0.866025 - 1.76901
- 1. 0 - 1.76901
-05 - 0.866025 - 1.76901
0.5 - 0.866025 - 1.76901

a damping term in the computational model and letting the sys
to its minimum energy. The various vectors, R

7.2

ing
tem relax

[i], correspond with gure
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Clathrin Normal Modes
Analytic Solution

1.75182 1.64349 1.53251 1.20822  0.919395 0 0 0 0
1.7434 1.64349 1.50094 1.17654  0.882794 0 0 0 0
1.7434 1.64308 1.50094 1.17654  0.792697 0 0 0 0
1.73205 1.64308 1.4974 1.13439  0.736236 0 0 0 0
1.73205 1.62011 1.48041 1.13439  0.736236 0 0 0 0
1.71684 1.62011 1.47914 1.09444  0.63369 0 0 0 0
1.71684 1.56499 1.47914 1.09444 0 0 0 0 0
1.6778 1.56499 1.43628 1.06509 0 0 0 0 0
1.6778 1.56162 1.43628 1.0596 0 0 0 0 0
1.66189 1.56162 1.28946 0.972569 0 0 0 0 0
1.65263 1.55635 1.28946 0.972569 0 0 0 0 0
1.65263 1.53251 1.20822 0.919395 0 0 0 0 0

Table 7.2: Analytically computing the normal modes in a mass-spring
model of the clathrin cage reveals 54 vibrational modes and 5 4 zero-
frequency modes.

7.3 Computational results

The classical result provides a general solution for eaghwhich, as usual, de nes the
simulation's initial conditions. It is possible to visualze either solution after stimu-
lating any linear combination of the normal modes by adjustig the 108 component
vector, . Observing the two solutions provides information to helpnterpret the 54
zero-frequency modes. For very small oscillations< : 01, the Fourier transforms
of both solutions are nearly identical (See gure 7.4). The&fore we conclude that
the non-zero modes obtained fronH are experimentally con rmed to exist in the
structure. However, increasing the amplitude of does not preserve these stable os-
cillations. Instead of showing harmonic oscillation thats modi ed by the presence
of nonlinear terms, as observed in the tetrahedron, largemglitude vibrations do
not preserve the geometry of the structure (See gure 7.5). gparently the classical
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Figure 7.4: For very small oscillations, the analytic and numerical mod els

agree. Inthese spectra, the 54 non-zero normal modes are equ  ally excited
with an amplitude .01% of the equilibrium distance.
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Numerical solution for larger amplitudes

eeeC

h=.1 t ¢=1000 n=10000 1.5 =01
Figure 7.5: Rather than simply introducing nonlinearities, increasin g the
amplitude of oscillation to 1% of each spring's rest length ¢ auses a com-

plete destruction of the structure's symmetry.

result is valid, but only for extremely small displacementgrom equilibrium. This
suggests that does assess, to some degree, the rigidity of a system. It is di
cult to predict from the classical results alone how to intgret the 54 vibrational
solutions. However, the numerical results are able to iddéfy a regime in which
the harmonic approximation holds. Increasing the amplitud to within 1% of each
spring's rest length reveals that this harmonic approximabdn is not valid for the
range of vibration we would like to consider. Thus our hypotbsis that large am-
plitude oscillation plays a role in vesicular separation reains unanswered by this
analysis. It seems that a mass-spring model of the clathrirage ignores too many
details of its structure. Future work may make the appropriée changes, such as the

addition of torsion springs, to model the behavior more reistically.
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Chapter 8

Conclusion

Although the normal modes of the clathrin cage were not de tively determined,
the utility of both the classical and the numerical approachhave been veri ed.
What at rst appeared to be anomolous factors of zero ih have been shown to be
an artifact of the unstable equilibrium that clathrin assunes when approximating
rigid triskelions with point masses. Furthermore, this ungpected application of
the analytic method may prove useful in assessing the rigigiof a system. One
could further explore this possibility by combining both aproaches and revisiting
a simple structure like the cube. Chapter 6 illustrates the alationship between
the index of rigidity, , and the number of cross-bracing springs in place, but the
next logical step has not yet been pursued. With the proveRK4 algorithm in
place, we are already in a position where, by applying varisuoads to the cube,
we could numerically compute its response. This would prale an experimental
foundation for the intuitive notion that \more springs make a more rigid structure.”
As much as the example of the cube demands more examinationrfr a numerical
standpoint, it also demands more from a mathematical one. Weow that a large
number of zero-frequency modes are caused by a lack of rityidn the system.
More precisely, the 2nd order terms that we retain from the Tgor expansion do
not constrain the geometry of the object. Although it was notexplored in earlier
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chapters, varying the amplitude, , of these zero-frequency modes provides insight
into how the shape may be prone to deform. In the case of the tlan cage,
visualizing several of these deformation modes shows thdtet top and bottom of
the clathrin cage can be pulled apart while the sides collagsn. This technique
is hampered, however, by the fact that the zero-modes are adiar combination of
translations, rotations, and deformations. A more useful@roach would eliminate
the translation and rotation modes before applying the vitational analysis. This
technique is discussed in Appendix A. A rigorous mathemattapproach using these
principles and focusing on semi-rigid systems could be okgt bene t to the study
of static systems. If the translational and rotational compnents are completely
decoupled from the system prior to the normal mode analysi#)en all the resulting
zero-modes would have to be a linear combination of only defmations.

In addition to these untried approaches, the experimental ata strongly hints
at a fundamental relationship between the number of springscluded in a system
and the expected number of zero-frequency modes. Lookingckaat the cube and
the clathrin cage, one notices that the zero-frequency maogleorrespond exactly
with the number of degrees of freedom minus the number of inded springs. Our
model of clathrin contains 54 springs and has 108 degrees m@eflom. It also has
54 zero-frequency modes. The same pattern is demonstrateyl the cube model.
The mathematical and experimental excursion necessary to&wer this question is

beyond the scope of the present work, but it cannot be ignored

Other questions inspired by these results deal more diregtvith the originally
posed problem of vesicular separation. For example, do afi the geometric varia-
tions assumed by clathrin exhibit semi-rigid behavior whemodeled as point masses,
and if so, do these semi-rigid characteristics play a role wesicular separation? If
the rigid geometry of the triskelions themselves are reqeid for a stable structure,

could the pinching o mechanism involve a relaxation of theitorsional rigidity?
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Although these new questions have been introduced, the drigl supposition that
normal mode vibration plays a role in vesicular separationemains open to explo-
ration. The machinery set forth in this text could be modi edto include a torsional
spring at each vertex. Research done on the triskelions theaives suggest that it
may even be possible to obtain an experimental estimate ofdabe torsional spring
constants [3]. Coupling this with realistic estimates forlie linear spring coe cients,
the triskelion arm \rest length," and an estimate of their mas would produce results
which could be experimentally tested.

The work that has been accomplished is engaging for the quiesis it introduces
as well as those it helps answer. The most obvious resolutio@ached is simply
that mathematical rigor and numerical accuracy are both appriate for the anal-
ysis of complex, many-body problems. Undoubtably, pursuinthese techniques to
their logical conclusion will provide answers to the unexgéed phenomena we have

observed.
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Appendix A:
Algebraic Considerations

In order to make the previous analysis of semi-rigid systentaore rigorous, we
would like to isolate those modes which correspond with defoations. Although
it was not done previously, this is accomplished by using theppropriate equations
of constraint to eliminate the translational and rotationd modes of motion prior to
the normal mode analysis. Wilson et al (see [11] p273-279)igde the appropriate
equations of constraint to accomplish this. Three of theseonstrain the center of
mass, and three constrain the rotation of the system. if; is the mass of each vertex,
R; the equilibrium position of each vertex, and’; the generalized displacement of

each vertex, these equations of constraint take the form

D( 1
mrj =0 (1)

and
m;R; r;=0 (2)
j=0
where denotes the cross product of the terms. Each of the above etjoas is
actually 3 simultaneous equations, one for each dimensiosy they can be used to
eliminate 6 of the generalized coordinates. All zero-modiesthe subsequent analysis
would correspond with deformations of the structure, and fthermore these modes

could be visualized as their magnitude, , is adjusted. The resulting motion would
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be decoupled from any translational or rotational modes, nkang their interpretation
simpler and more revealing.

Another consequence of this is that the resulting Hessiat] will re ect the
reduction in 6 of the generalized coordinates by having dimsions (N  6)
(3N 6). Recall that from Chapter 2, the equations of motion can bevritten in
matrix form as

Ha !2Ma=0: (3)

We simpli ed this by letting the mass of each patrticle be 1, sthat M ! |, the
identity matrix. Alternatively, we could accomplish this by varying the individual
masses and choosing a mass-weighted coordinate system ($&ppl4). Rewriting

equation 3 in light of this, we have the familiar eigenvalueguation
Ha=!2a: (4)
For zero-frequency modes,!' (! 0), this becomes
Ha = 0: (5)

By de nition, the vectors a which solve this equation span theaull spaceof H, and
the number of independent solutions correspond with the numer of zero-frequency
modes. Therefore, the rigidity of a system,, is the dimension of the null space of
H after eliminating the translational and rotational modes ing the above method.
This provides one possible starting point for a more mathertiaally rigorous treat-
ment of the deformation modes.



Appendix B:
The Mathematica Code
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